
 

 

 

 

 

 

  

 FISCAL SUSTAINABILITY UNDER A TIME-VARING  

FISCAL REACTION RULE: A STATE SPACE APPROACH  
 

 

 

Christopher Biolsi* 

 

H. Youn Kim** 

 

 

 

 

August 14, 2018 

 

 

 

 

A PRELIMINARY VERSION 

 

 

 

 

 

 

 

 

________________________________________ 

* Department of Economics; Western Kentucky University; Bowling Green, KY 42101, USA; 

christopher.biolsi@wku.edu 

** Department of Economics; Western Kentucky University; Bowling Green, KY 42101, USA; 

youn.kim@wku.edu 

 

 

 



 

 1 

FISCAL SUSTAINABILITY UNDER A TIME-VARYING  

FISCAL REACTION RULE: A STATE SPACE APPROACH  

 
Abstract 

     

     This study proposes a time-varying fiscal reaction function to assess the dynamics of U.S. 

government debt over 1916-2016.  We employ a state space model by treating the reaction 

coefficient as an unobservable stochastic process.  The estimated reaction coefficient exhibits 

significant time variation -- contrary to the prevailing view.  The U.S. government had been 

more proactive about constraining increases in debt during the 20th century than previously 

thought.  Since the year 2000, however, policy makers have become much less aggressive about 

containing the debt process.  The U.S. government debt was sustainable for most of the period 

except during Depression, World War II, and in the years surrounding Great Recession. 
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I.  Introduction  

 
     The U. S. federal government has run budget deficits in most fiscal years since the 1980s.  

These persistent deficits have given rise to a mounting debt burden for Americans.  In particular, 

the federal debt1 rose from about 24 percent of GDP (gross domestic product) in 1980 to 47 

percent of GDP in 1996 – an event unprecedented in peacetime.  Although the federal 

government ran surpluses in the late 1990s, it has run deficits in each fiscal year since 2002, and 

the federal debt reached 72 percent of GDP in 2016.  As of that year, each adult American’s 

share of the federal government debt was about $56,000.  Clearly, this is an alarming number 

that merits attention.  The problem is likely to worsen as the large baby-boom generation is 

beginning to retire in large numbers and starting to draw on government benefits for the elderly.  

The Congressional Budget Office has projected debt-GDP ratios nearing 100 percent by 2028.  

     Given the gravity of the government debt problem facing the U.S. and many other countries, a 

good number of empirical studies have been devoted to test the sustainability of fiscal policy.2 

Results are inconclusive.  Bohn (1998) calls into question the validity of the traditional analysis 

of fiscal sustainability based on the transversality condition of the government budget constraint. 

He argues that previous studies fail to account for the fact that the government takes corrective 

action for budget deficits by increasing taxes and/cutting spending in response to a rising or 

higher debt-GDP ratio.  This idea, described in the form of the “fiscal reaction” function relating 

the primary surplus to the debt level, should be incorporated into the government budget 

constraint to test for fiscal sustainability.  Bohn (1998) estimates the fiscal reaction function for 

1916-1995 and finds that U.S. fiscal policy historically has been sustainable despite extended 

periods of primary deficits.     

     The fiscal reaction function has become a standard tool in modern analysis of fiscal 

sustainability (see, e.g., Bohn, 2008; Canzoneri, Cumby, and Diba, 2001; Mendoza and Ostry, 

2008; Collignon, 2012).3  This function, though widely used, is based on the implicit assumption 

that the reaction coefficient, which measures the degree of the government’s fiscal willingness to 

respond to changes in debt, is constant.  This needs not necessarily the case.  In fact, the fiscal 

reaction function with a constant coefficient may not provide an adequate description of the 

government’s fiscal behavior toward debt and hence may be too limited to properly assess fiscal 
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sustainability.  We postulate that the government’s fiscal response to changes in debt is likely 

influenced by economic conditions as well as the political environment it is facing.  Importantly, 

its response may not be fixed; instead it varies over time.      

     To provide some motivating evidence, take the case of the financial crisis of 2007-2009.  In 

the wake of the crisis, a number of prominent economists have advocated for further fiscal 

stimulus in spite of the fact that output was slowly returning to its potential levels.  For example, 

Larry Summers has suggested that, to combat “secular stagnation,” policy makers should stop 

being overly concerned with debt.4  A similar argument has been made by Paul Krugman.5  In its 

Fiscal Year 2019 budget request, the Trump Administration projected deficits as a share of GDP 

in excess of 4 percent through fiscal 2020, in spite of the highest debt-GDP ratios experienced 

since the end of World War II.  These results indicate that a different economic environment 

(such as the financial crisis) calls for a different fiscal response to changes in debt.  On the other 

hand, a number of studies have pointed to political determinants of fiscal surpluses and deficits 

(e.g., Alesina and Tabellini, 1990; Goff and Tollison, 2002).  Mendoza and Ostry (2008) find a 

significant difference in the reaction coefficient for industrial and emerging countries.  Although 

they do not provide an adequate explanation, this is clearly a reflection of differences in the 

economic and political environment facing different countries.  Moreover, even as far back as 

Barro (1979), there existed the notion that debt might evolve randomly over time (as opposed to 

tending towards some target value), implying a time-varying aspect to the fiscal reaction 

coefficient.  This discussion supports our claim that the existing model based on a constant 

reaction coefficient is too limiting to provide an adequate description of the government’s fiscal 

behavior toward debt, demonstrating the need for a more general framework to address the 

question of fiscal sustainability.  

     To formulate the above argument, we develop a generalized fiscal reaction function with a 

time-varying reaction coefficient that is allowed to vary with the interest rate and growth rate as 

well as other unobservable factors.  This enables us to analyze the dynamic behavior of 

government debt and deficits in a more comprehensive manner, relative to earlier studies.  With 

this work, we intend to make contributions on both theoretical and empirical grounds.  On the 

theoretical side, with the generalized fiscal reaction function, we provide a full analysis of debt 

dynamics by deriving the stability condition that ensures a convergent path of the debt-GDP ratio 
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toward a long-run or steady state value.  Then we examine the effects of the interest rate and 

growth rate on the steady state debt-GDP ratio.  We find that a constant reaction coefficient 

implies that an increase in the economy’s growth rate lowers the steady state debt-GDP ratio, but 

an increase in the interest rate raises the steady state debt-GDP ratio.  When the reaction 

coefficient evolves endogenously with growth rates or the interest rate, this needs no longer hold.  

Further, we analyze the long-run relationship between the primary surplus or deficit and the 

debt-GDP ratio, which describes the fraction of GDP that the government needs to save, i.e., the 

primary budget surplus, in order to service a debt in the steady state.   An important finding is 

that at low interest rates relative to growth rates, budget deficits are consistent with a sustainable 

debt. 

      In the empirical analysis, we present a state space model to estimate the generalized fiscal 

reaction function by treating the reaction coefficient as an unobservable stochastic process.  Use 

of a state space approach is also justified by the argument that the government’s corrective action 

with respect to increasing debt is based on the natural rate of interest and the growth rate of 

potential output, which are not observable.  The observed real interest rate is specified as the sum 

of the natural rate of interest and a transitory or cyclical component.  It is correlated with the 

growth rate of potential output as well as other determinants (such as consumers' preferences) 

that may evolve as a random walk.  The cyclical component of the interest rate is specified as an 

autoregressive process.   Observed real GDP series is defined as the sum of unobservable trend 

and transitory or cyclical components.  The trend follows a random walk with a drift, and we 

interpret this drift as the natural rate of output growth.  The state space model is estimated using 

the Kalman filter via Bayesian techniques with the use of prior information, since the model is 

fairly heavily parameterized and the sample period is somewhat short. 

      We fit the model to the data on U.S. debt-GDP ratios over 1916 to 2016.  Our results reveal 

that the federal government was actually more aggressive about containing the debt-GDP ratio 

for much of the postwar 20th century than would be suggested by the estimates of Bohn (1998).  

This increased aggressiveness is offset by the fact that since the year 2000, policy makers have 

become progressively laxer about addressing the debt question.  As our model incorporates 

dynamics associated with recessions and military build-ups as a result of wars, this increasing 

laxness cannot be attributed to the Great Recession or the recent conflicts in Afghanistan or Iraq.  
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At the end of our sample period in 2016, the reaction coefficient is estimated to be negative, 

albeit close to zero.  The stability condition that we derive is close to being violated as of 2016, 

an unprecedented occurrence in a relatively peaceful period of moderate growth. 

       These results help us to obtain deeper insight into the forces driving the debt-GDP ratio in 

the US.  Although a number of policy makers and commentators have expressed concern about 

the trajectory of debt, our findings provide an additional layer of structure, by establishing 

quantitatively that the reaction function governing fiscal policy at the federal level has, in fact, 

materially changed in the last fifteen years.  While we continue to conclude, as did Bohn (1998), 

that the debt-GDP ratio is mean-reverting, our results suggest that the reversion is now slower 

and the mean is higher than at the time of writing for Bohn (1998).  The process for the debt-

GDP ratio is also currently much closer to violating the stability condition that helps determine 

sustainability. 

        The rest of the paper proceeds as follows.  We discuss our theoretical framework in Section 

2.  We introduce our empirical model in Section 3 and present estimation methods and report 

results in Section 4.  In Section 5, we compare our results with those of other popular 

specifications, and we offer conclusions in Section 6.  

 

II. Dynamics of Government Debt under a Generalized Fiscal Reaction Rule    
 

     When conducting fiscal policy, the government faces a budget constraint in each period t (t = 

0, 1, ..., n), which is expressed as 

 1 (1 )( ) (1 )( ),  0,t t t t t tD r D G T r D S t           (1) 

where tD  is the stock of an interest-bearing government bond outstanding at the beginning of 

period t, r is the rate of interest, tG  is government spending net of interest payments during period 

t,  tT  is government revenue during period t, and t t tS T G   is the “primary” budget balance or 

surplus at time t, which is the difference between the government’s tax revenue and spending net 

of interest payment.  For ease of exposition, the interest rate is assumed to be constant over the 

period or stationary with a constant mean, but this assumption will be relaxed in the empirical 

analysis.  In the United States, the importance of seigniorage or money financing as a  
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government revenue source is small, so it is not explicitly considered, although it can be 

regarded as being part of tax revenue. 

     A growing economy with a high GDP has relatively more resources available to pay the 

principal and interest on its debts, so a pertinent measure of the government’s indebtedness is not 

the level of debt itself, but the debt as a percent of GDP, i.e., the debt-GDP ratio.  Suppose that 

the economy, as measured by GDP (denoted by )Y , grows at a rate of g percent per period so that 

1tY   (1 ) ,tg Y 0.t    Then divide both sides of (1) by GDP to express the government 

budget constraint in terms of the debt-GDP ratio:   

  1 (1 ) , 0,t t td d s t       (2) 

 with 1lim 0,n nd   where /t t td D Y  is the debt-GDP ratio, /t t ts S Y  is the surplus-GDP 

ratio, and 1   (1 ) / (1 ),r g  which gives ,r g   the growth-adjusted interest rate.       

       Taxes and spending, and hence surpluses, are not exogenously given in the government 

budget constraint.  Rather, they are government choice or policy variables determined by a 

political process, thereby affecting the surpluses or deficits.  In particular, we assume that the 

government takes corrective action for its budget by increasing taxes and/or cutting spending in 

response to a higher debt-GDP ratio.  Bohn (1998), forcefully argues that this idea, described by 

the fiscal reaction function, should be incorporated into the government budget constraint (2) to 

test for fiscal sustainability.   

     Following Bohn (1998), consider the following linear fiscal reaction function: 

 , 0,t t ts d t      (3) 

where  is the reaction coefficient and t  captures the effects of other explanatory variables 

influencing the surplus-GDP ratio.6  If the government takes corrective measures by increasing 

taxes or cutting spending in response to a higher debt-GDP ratio, we expect that the surplus-GDP 

ratio will be positively related to the debt-GDP ratio, with the value 0.     

     While the fiscal reaction function of the form in (3) has been useful in analyzing fiscal 

sustainability (see, e.g., Bohn, 1998; Canzoneri, Cumby, and Diba, 2001; Mendoza and Ostry, 

2008; Collignon, 2012), it, by and large, rests on the implicit assumption that the value of  is 

constant.7  However, measures the degree of fiscal responsiveness to changes in debt, and we 
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argue that its value needs not be fixed, but instead varies over time, possibly with changes in the 

interest rate and output growth rate, i.e., ( , ).f r g    For a given debt level, rising interest rates 

may likely force the government into further fiscal adjustment in the form of tax hikes or 

spending cuts to pay for higher debt service, thus necessitating larger budget surpluses.  On the 

other hand, a higher growth rate can increase a country’s fiscal capacity and allow the 

government to have smaller surpluses in order to maintain a given debt level.    

     Thus we propose that the reaction coefficient  takes the following form: 

 0 1 2 ,r g       (4) 

where 0 1, ,  and 2 are coefficients to be estimated.8  We hypothesize that 0 0,   1 0,   and 

2 0.    A positive value of  1  can help explain Mendoza and Ostry’s (2008) conjecture that in 

countries with riskier financial and fiscal environments (such as developing countries), where 

interest rates may be higher, the fiscal reaction coefficient is also higher, implying larger budget 

surpluses or smaller budget deficits required for these countries in relation to GDP.  However, 

with a negative value of 2 , high economic growth experienced by developing countries can 

make the reaction coefficient smaller than that of industrial countries, implying smaller budget 

surpluses or larger budget deficits affordable by developing countries in relation to GDP.   

     Substituting (4) into (3), we obtain 

 0 1 2( ) ( ) , 0,t t t t ts d rd gd t          (5) 

which can be rewritten as 

 
0 , 0,m

t t ts d t      (6) 

where 
1 2( ) ( ) , 0.m

t t t trd gd t           Clearly, Bohn’s fiscal reaction function (3) with a 

constant  is a special case of the generalized fiscal reaction function (5) with an endogenous   

if we let 0   and 1 2 0.     In this case, we have the fiscal reaction function (6) that is of 

the same in form as (3).  This implies that when the fiscal reaction coefficient is endogenously 

determined, estimation of (3) instead of (5) likely produces a biased estimate of the reaction 

coefficient.  Notably, equation (5) allows us to examine the effect of the interest rate and growth 

rate on the primary surplus.  That is, 1/ 0t ts r d    and 2/ 0.t ts g d     This suggests that 

policy makers may alter their behavior in response to changes in the interest rate or growth rate, 
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which can affect the budget surplus or deficit.  From now on, we will assume that the reaction 

coefficient  in (3) takes the form in (4).    

      To investigate dynamic properties of the debt-GDP ratio, substitute (3) into (2) to get 

 1 , 0,t t td d w t      (7) 

or, equivalently, 

 1 1 (1 ) , 0,t t t t td d d d w t           (8) 

where (1 )(1 )      and (1 )t tw      with 0.t    Equation (7) is a first-order difference 

equation with the forcing variable ,w and the stability condition requires that 1 1.     It is 

common to use an approximate expression for   with r g    (Bohn, 1998; Mendoza and 

Ostry, 2008; Collignon, 2012).  Further, for small values of  and , 1    .   Then the 

stability condition gives the result that r g  (see Bohn, 1998).  In the interests of a more 

precise analysis, we instead use an exact expression for   with 1 (1 ) / (1 ).r g      We then 

have the stability condition of the form: (( ) / (1 )) .r g r   9  From this discussion, we state:  

 

PROPOSITION 1.  The viable condition for fiscal sustainability requires that (( ) / (1 ))r g r 

.    For  r < g, this condition is satisfied for a positive value of .  When this condition is 

satisfied, the debt-GDP ratio has a stable, convergent path toward a steady state, and the 

government’s debt or  fiscal position is sustainable. If the fiscal position is not sustainable, the 

government debt is explosive and will not converge to a steady state. 

 

Thus, the viable sustainability condition does not depend on the r g  condition, which is 

required in the conventional analysis based on the transversality condition of the intertemporal 

government budget constraint (see Hamilton and Flavin, 1986).  It can be valid even if r g  as 

long as (( ) / (1 )) .r g r     

     The stability condition ensures a convergent path of the debt-GDP ratio toward a long-run or 

steady-state value.  Its value can be obtained by setting 1 0td   in (8) and solving it for .d   

Assuming that the value of tw  is constant at w  with   over time, the steady-state value of the 

debt-GDP ratio ( )d  is given by   
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(1 )

.
1 (1 ) (1 )(1 )

w r
d

g r



 

 
 

    
 (9) 

For a stable solution, a positive steady-state debt-GDP ratio requires that 0.  10  With this 

steady-state debt-GDP ratio, the solution of (7) is 

  0 , 0.t

td d d d t      (10) 

This equation describes the trajectory of the debt-GDP ratio over time toward the steady state.4    

Substituting the value of td  from (10) into (5), we also obtain the time path of primary surplus 

over time.  Equation (10) reveals that the debt-GDP ratio has a mean-reverting property with the 

mean taken to be its steady-state value.  Note that ( ),td d 0,t  is the deviation of the debt-

GDP ratio from its steady state value.  A fraction of this deviation or gap tends to decay each 

period with the government’s fiscal action, absent further shock, at a constant rate   given by 

   1 .   Whether a rise in the interest rate or growth rate increases or decrease the rate of 

convergence to the steady state depends on its effect on the steady-state debt-GDP ratio, 

     All else constant, a higher reaction coefficient   reduces the steady-state debt-GDP ratio 

because the government responds with larger primary budget surpluses, instead of further 

borrowing, as debt rises.  It is commonly claimed that high economic growth lowers the debt-

GDP ratio or low economic growth raises the debt-GDP ratio (see Bohn, 1995, page 265, fn. 9; 

Collignon, 2012, page 545).  To assess the effect of economic growth on debt dynamics, we can 

evaluate the steady-state debt-GDP ratio (9) with respect to the fiscal reaction function with a 

constant coefficient  .  Taking derivatives of this expression with respect to the interest rate and 

growth rate, we have 

 2

(1 )
0

{(1 ) (1 )(1 )}

d g

r g r





  
 

    
 (11) 

and 

 

 2

(1 )
0,

{(1 ) (1 )(1 )}

d r

g g r





 
 

    
 (12) 

since 0.    Equation (11) shows that an increase in the interest rate raises the steady-state debt- 
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GDP ratio.   Equation (12) clearly supports the claim that high economic growth lowers the debt- 

GDP ratio (Collignon, 2012, page 545).  

     This claim, however, is based on a constant reaction coefficient and fails to account for the 

effect of the growth rate on the fiscal reaction coefficient as described in (4).  In particular, high 

economic growth lowers the reaction coefficient, resulting in a higher debt-GDP ratio.  Thus to 

ascertain the effect of a higher growth rate on the debt-GDP ratio, we need to compare the higher 

debt-GDP ratio from a lower reaction coefficient, with the lower debt-GDP ratio obtained by 

assuming the constant reaction coefficient.   A generalized fiscal reaction function with an 

endogenous reaction coefficient allows us to undertake a more comprehensive examination of 

this issue.  With   of the form in (4), there are two main variables that drive the steady-state 

debt-GDP ratio ( )d : r and g.  To examine the effect of the interest rate and growth rate on the 

steady-state debt-GDP ratio, we take a general form of the fiscal reaction coefficient, i.e., 

( , ),f r g  and derive implications for the linear form assumed in (4).  Taking derivatives of d  

in (9) with respect to r and g, we get 

 

2

2

(1 ) (1 ) ( , )

{(1 ) (1 )(1 ( , ))}

rg r f r gd

r g r f r g

      


    
 (13) 

and 

 

 2

(1 ) 1 (1 ) ( , )
.

{(1 ) (1 )(1 ( , ))}

gr r f r gd

g g r f r g

     


    
 (14) 

Note that equations (11) and (12) are special cases of (13) and (14) when ( , ) ( , ) 0.r gf r g f r g 

Unlike equations (11) and (12), however, the signs of the derivatives in (13) and (14) are not 

known.  Since 0  , evaluating them requires knowing whether the bracket term in the 

numerator is positive or negative.  This gives us the following condition for r: 

 2

1
0 according as ( , )

(1 )
r

d g
f r g

r r

 
 

 
 (15a) 

or 

 2

1
0 according as ( , ) .

(1 )
r

d g
f r g

r r

 
 

 
 (15b) 
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We obtain the similar condition for g:  

 
1

0 according as ( , )
1

g

d
f r g

g r

 
 

 
 (16a) 

or 

 
1

0 according as ( , ) .
1

g

d
f r g

g r

 
 

 
 (16b) 

     Evaluating the condition in (15a) and (15b), since 2(1 ) / (1 ) 0,g r   this implies that 

( , ) 0.rf r g   However, since 
2(1 ) / (1 ) 1,g r   if ( , )rf r g lies between 0 and 1, an increase in 

the interest rate will raise the steady-state debt-GDP ratio.  If ( , )rf r g is sufficiently greater than 

one, an increase in the interest rate will lower the steady-state debt-GDP ratio.  For the condition 

in (16a) and (16b), we can provide a similar explanation. Since 1/ (1 ) 0,r  this implies that 

( , ) 0.gf r g    Further, since 1/ (1 ) 1,r  if ( , )gf r g lies between 0 and 1 in absolute value, an 

increase in the growth rate will lower the steady-state debt-GDP ratio.  If ( , )gf r g is sufficiently 

greater than one in absolute value, an increase in growth rate will raise the steady-state debt-GDP 

ratio.   

     To derive implications of these conditions, we can look at the generalized fiscal reaction 

function (4).  Since we hypothesize that 1( , ) 0,rf r g    it, in effect, measures the effect of the 

interest rate on the primary surplus for a given debt.  And since we also suppose that

2( , ) 0,gf r g   it measures the effect of the growth rate on the primary surplus for a given 

debt.  The above discussion suggests that how the government adjusts its primary surplus in 

response to a change in the interest rate or growth rate determines the steady-state debt-GDP 

ratio.  These results allow us to state an important finding of our analysis:     

 

PROPOSITION 2.  An increase in growth rate can raise or lower the steady-state debt-GDP 

ratio.   This is in sharp contrast to the common view that an increase in growth rate lowers the 

steady-state debt-GDP ratio.  Whether an increase in growth rate raises or lowers the steady-

state debt-GDP ratio depends on the degree of fiscal responsiveness of the primary surplus for a 

given debt level with respect to an increase in the growth rate; a higher degree of fiscal 
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responsiveness allows a country to have a higher debt-GDP ratio.  Similarly, an increase in the 

interest rate can raise or lower the steady-state debt-GDP ratio.  Whether an increase in the 

interest rate raises or lowers the steady-state debt-GDP ratio depends on the degree of fiscal 

responsiveness of the primary surplus for a given debt level with respect to an increase in the 

interest rate; a lower degree of fiscal responsiveness allows a country to have a higher debt-

GDP ratio.   

 

     A change in the interest rate or growth rate moves the steady-state debt-GDP ratio 

accompanied by a movement in its transitional path to a new steady state.   Figure 1 illustrates 

the time path of the debt-GDP ratio subsequent to an increase in growth rate on the basis of the 

assumption that it induces a high fiscal response to the government.  The lower graph describes 

the debt-GDP ratio path associated with the economy’s growth rate of g1, while the upper graph 

describes the debt-GDP ratio path with a higher growth rate of g2.  The economy begins with the 

debt-GDP ratio of d0, and it increases gradually until it reaches the steady state.  As the growth 

rate increases, the debt-GDP ratio path moves up.  With a higher growth rate, however, the speed 

of convergence decreases and it takes more time to reach the new steady state.        

     This discussion underscores the importance of economic growth for a country’s fiscal 

position.  A country with a high growth rate can afford to sustain a high debt.  In contrast, a 

country with a low growth rate may not sustain high debt-GDP ratios.  Interestingly, this 

provides some insight into the widely cited Reinhart and Rogoff (1990) analysis about the 

relationship between government debt and GDP growth.  They investigate this relationship 

among 20 advanced economies in the post-war period and find that there is a debt threshold or 

tipping point, i.e., a government debt-GDP ratio beyond which there are negative effects on 

growth.   Many studies have followed to reexamine Reinhart and Rogoff’s (1990) analysis (see, 

e.g., Checherita-Westphal and Rother, 2012; Herndon, Ash, and Pollin, 2014).  Our analysis 

reveals that there is a simultaneity between debt and growth.  A high debt affects growth rate, but 

high growth may induce a country to take on more debt.       

     While an increasing debt-GDP ratio can be sustainable as long as the stability condition is 

satisfied, a constant or steady-state debt-GDP ratio is always sustainable because it is stationary 

and the debt will never explode.  When the debt-GDP ratio reaches its steady-state value, we can 
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find the primary surplus that supports it.   To do so, we let 
1 , 0,t td d d t     in (2) and 

solving for ,ts we obtain the following result: 

 

PROPOSITION 3.  Suppose that the debt-GDP ratio reaches the steady state.  Then the 

following equation describes the long-run relationship between the primary surplus/deficit and 

government debt:  

 
( )

,
(1 )

r g
s d

r





 (17) 

which is the fraction of GDP that the government needs to save, i.e., the primary budget surplus, 

in order to service a debt in the steady state, which is equal to the discounted growth-adjusted 

interest payments on a debt that is sustainable.   

 

     Equation (17) reveals that the spread between r and g and the debt-GDP ratio determine the 

sustainable rate of the budget deficit or surplus.  If r > g, the government needs to have a 

primary surplus to maintain a given level of the debt-GDP ratio.  If r < g, however, the 

government can run a primary deficit every period and still keep the debt-income ratio constant.  

When g = 0, equation (17) describes a fraction of GDP for interest payments that the government 

is required to pay in order to service a given debt-GDP ratio.  Figure 2 illustrates the relation 

between the primary-surplus ratio and the debt-GDP ratio in the steady state.  It shows that to 

keep the debt-GDP ratio constant or at a steady state, r > g requires a primary surplus, but r < g 

demands a primary deficit.   An implication of this result is that frequent or chronic budget deficits 

are consistent with a sustainable debt if r < g. 

     The interest rate and growth rate also determine the primary surplus required to keep the debt-

GDP ratio constant.  A higher interest rate causes more interest payments on a given debt level, 

which requires the government to have a higher primary surplus or a lower deficit.  On the other 

hand, a higher growth rate can enable the government to afford reduced primary surpluses or 

higher deficit.  However, as discussed before, changes in the interest rate and growth rate also 

affect the long-run debt-GDP ratio.  To see the effect on the steady-state primary surplus from a 

change in the interest rate and growth rate, we substitute d  in (9) into (17) to get 
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( )

,
(1 ) (1 )(1 ( , ))

r g
s

g r f r g

 


   
 (18) 

Figure 3 illustrates the effect of an increase in growth rate on the steady-state primary surplus 

ratio when the growth rate is higher than interest rate.  A higher growth rate causes the debt-GDP 

ratio to increase from 
1d  to 

2d .  It also causes the government to have a higher deficit in steady 

state, moving 1s  to 2s .   While we discussed the effect of the growth rate, Figure 3 is also 

relevant for discussing the effects of the interest rate on the primary surplus ratio and the debt-

GDP ratio in steady state.  In this case, the effect on the debt-GDP ratio and the surplus-GDP 

ratio is the opposite of a change in growth rate.  These results are worth summarizing: 

 

PROPOSITION 4.  A high growth rate relative to the interest rate can allow a country to have 

a high budget deficit in the steady state.  Moreover for sufficiently high/low derivatives of f(r,g), 

an increase in the growth rate or a decrease in the interest rate may allow a country to have a 

higher sustainable debt-GDP ratio and a higher steady state budget deficit. 

 

III.  A State Space Model  
 

     The fiscal reaction function (3) plays a central role in analysis of fiscal sustainability.  Hence 

a proper estimation of this function is essential in appropriately assessing fiscal sustainability.  

Existing studies estimate the fiscal reaction function by treating the reaction coefficient constant 

(see, e.g., Bohn, 1998; Canzoneri, Cumby, and Diba, 2001; Mendoza and Ostry, 2008; 

Collignon, 2012).  The previous section demonstrated that the reaction coefficient is not constant 

but is determined endogenously.  This section presents a cogent empirical framework for 

implementing the generalized fiscal reaction function composed of equations (3) and (4).  The 

theoretical model in the previous section is formulated, for convenience, with constant interest 

rates and growth rates as well as the constant value of unmodeled determinants of the surplus-

GDP ratio.  These variables are taken to vary over time in empirical analysis.  Then the time-

varying nature of the reaction coefficient (4) becomes crucial in our analysis of fiscal 

sustainability.  In order to capture the possibly time-varying behavior of fiscal policy, we 

propose to model the dynamics of the debt-GDP ratio in a state space framework.  We also 
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conjecture that unobserved factors, possibly capturing consumers’ preferences and political 

tastes, may influence the reaction to debt stockpiles, which makes the state space model even 

more suited for analyzing fiscal sustainability.  Moreover, the state space model makes explicit 

allowance for permanent and temporary changes in the growth rate as well as in the interest rate.    

    The fiscal reaction coefficient (4) measures the degree of the government’s fiscal response to 

increasing debt-GDP ratio, which depends on the interest rate and growth rates.  We argue that 

the government’s response to higher debts is likely influenced by long-term changes in the 

interest rate and growth rate.  That is, a change in the growth rate of potential GDP or the natural 

rate of interest is more likely to change how fiscal policy responds to the current debt level than  

would year to year fluctuations.  To incorporate this idea with unobservable shocks, we specify 

the fiscal reaction coefficient as a time-varying function of the following form: 

 * *

1 1 1 2 1 , 0,t t t t tr g e t            (19) 

where *

1tr
 is the natural rate of interest rate at period t-1, *

1tg 
 is the natural rate of output or GDP 

growth at period t-1, and te  is an error term that captures unobservable shocks.  For example, it 

is easy to imagine that other factors, such as political and social dynamics that are difficult to 

measure, can also affect the way fiscal policy is set relative to the economy's debt.  Thus, we 

may desire that the fiscal reaction coefficient is itself subject to shocks, which necessitates the 

inclusion of e.  The natural rates of interest and of potential output growth are also unobservable.  

     For the natural rate of interest rate, we follow the work of Laubach and Williams (2003) and 

specify it as 

 

 * *

1 1 1, 0,t t tr g t       (20) 

where 
t captures other unobservable determinants of  r* such as households’ rate of time 

preference, which are not directly observable.  We assume that it follows a random walk: 

 1 , 0,t t t t       (21) 

where z

t  is a white noise error.11 We also consider a transitory or cyclical component of the 

interest rate ( c

tr ) and specify it as 

 *

2 1 3 1 , 0,c c c

t t t tr r g t         (22) 
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where c

t  is a white noise error.  The observed real interest rate is specified as the sum of the 

natural rate of interest and the transitory or cyclical component: 

 * , 0.c

t t tr r r t     (23) 

     To specify the natural rate of output growth ( *

tg ), we adopt the trend-cycle decomposition 

widely used in the time series literature (see Clark, 1987; Morley, Nelson, and Zivot, 2003; Kim 

and Murray, 2002) by expressing real GDP ( )ty in logarithm.  In this decomposition, the 

observed output series ( )ty is the sum of unobservable trend ( )ty and transitory or cyclical ( )c

ty

components.  The trend follows a random walk with a drift, which is considered the natural rate 

of output growth.  The cyclical part is an AR(1) with the cyclical interest rate (Laubach and 

Williams, 2003)  Formally, 

 , 0,c

t t ty y y t     (24) 

 *

1 1 , 0,t t t ty y g t         (25) 

 * *

1 , 0,g

t t tg g t     (26) 

 c

4 1 5 1 , 0,c c c

t t t ty y r t         (27) 

where ,t

 ,g

t  and c

t are independent white noise processes. 

     To estimate the fiscal reaction function (3), there is a set of unmodelled other determinants 

influencing the surplus-GDP ratio that may cause temporary deviations from the fiscal reaction 

rule.  Following Bohn (1996), we consider cyclical fluctuations in output and in military 

spending, so the fiscal reaction function is specified as  

 
0 1 2 3 1 , 0,c c

t t t t t t ts d y m s t              (28) 

where t  is an error term.  The lagged surplus-GDP ratio is also included to account for possible 

serial correlation in the series.  To estimate cyclical real military spending c

tm , which is not 

directly observable, we follow the trend-cycle decomposition and specify the observed military 

spending series 
tm in a logarithm as consisting of the trend and cyclical components:12 

 , 0,c

t t tm m m t     (29) 

 1 1 , 0,m

t t t tm m g t         (30) 
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1 , 0,m m g

t t tg g t     (31) 

 
5 1 , 0,c c c

t t tm m t      (32) 

where ,t

 ,g

t  and c

t are independent white noise processes.  The transitory component of 

military spending is interpreted as build-ups in spending surrounding military conflicts such as 

World War II and the wars in Korea and Vietnam. 

     All of the equations described above can be written and analyzed in a state space framework 

(see Kim and Nelson, 1999).  The transition equation, which describes the evolution of 

unobservable variables, can be written as   

  
1 , 0,t t t t tF        (33) 

where   

t =   

*

*

t

t

t

c

t

t

t

c

t

t

m

t
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t
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r
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The measurement equation relates observed data to unobservable variables: 

 , 0,t t t tX H J t       (34) 

 

where   

tX = 

t

t

t

t

r

y

s

m

 
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     We assume that (0, )t N Q  and (0, ).t N R  To maintain the parsimony of the model, we 

assume that Q  is a diagonal matrix and that the shocks to the various state variables are 

independent of each other at all leads and lags.  Since there is no error associated with the natural 

rate of interest rate (see equation (22)), its variance is zero; thus there are nine variances that 

make up for Q : [ 2( ),t  2( ),t  2( )c

tr 2( ),ty 2 *( ),tg 2( ),c

ty 2( ),tm 2( ),m

tg 2( )c

tm ]’.  

There is only one variance that makes up for R : the variance of innovations to the surplus-GDP 

ratio itself, 2( ).ts   The state space model is estimated by maximum likelihood using the  

Kalman filter (see Kim and Nelson, 1999).  A detailed discussion of estimation methods is 

provided in the next section. 

 

IV.  Estimation and Results   

 

A.  Data 

     We estimate the model over the years from 1916 to 2016.  Most of our data comes from 

standard sources (i.e., information on real GDP and real military spending is obtained from the 

Bureau of Economic Analysis, while the debt-GDP and surplus-GDP ratios are taken from the 

U.S. Office of Management and Budget).  To extend the data set to 1916 (the first year analyzed 

in Bohn (1998)), we obtain information on most of the key variables for our model from the 

online database associated with Bohn (2008).  The one exception to that rule is that, to extend the 

data set for the yield on the 10-year Treasury note, we must appeal to the database published 

alongside Shiller (1989) and Shiller (2015).  

     Figure 4 reports the time series of the debt- GDP ratio over the course of our sample period. 

Debt is generally rising between 1916 and the end of World War II, peaking above 100 percent 

of GDP before falling dramatically over a span of decades. It begins to rise in the 1980s, falls in 

the late 1990s, and has generally been increasing since the turn of the new millennium.  Figure 5 

offers an analogous depiction of the primary budget surplus as a share of GDP.  The time series 

is characterized by large negative values coinciding with World War I, World War II, and the 

Great Recession of 2007 to 2009.  Outside of these episodes, the surplus-GDP ratio tends to 

hover around zero, although there has a very subtle negative trend in the series since the start of 
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the 1950s.  A negative trend in the surplus combined with rising debt would seem to support the 

idea that the relationship between the two series has been changing over time. 

 

B. Estimation Methods 

     In order to estimate the state space model described by equations (33) and (34) for the time-

varying fiscal reaction function, we adopt Bayesian techniques.  A primary reason for the use of 

these techniques is that our model is fairly heavily parameterized and the sample period is 

somewhat short, so Bayesian methods incorporating prior knowledge on the behavior of some of 

the dynamic relationships may help to produce more efficient estimates.  Specifically, we 

employ Gibbs sampling Markov Chain Monte Carlo (MCMC) posterior simulation methods for 

state space models, as introduced in Carter and Kohn (1994) and described in Koop and 

Korobilis (2009).13   

     For the purposes of the Gibbs sampling, we divide each of the parameters of the model and 

the unobserved state variables into blocks. The first block is the set of state variables, 
t = [ t  

*

tr  t
c

tr ty *

tg c

ty tm m

tg c

tm ]’.  The second is the set of parameters in the matrix F that governs 

the evolution of ,t namely,   [ 1  2  
1 2 3 4 5 ]’.  The third is the set of variance 

terms that make up the variance-covariance matrix Q associated with the error terms for the state 

vector ,t  namely, [ 2( ),t  2( ),t  2( )c

tr 2( ),ty 2 *( ),tg 2( ),c

ty 2( ),tm 2( ),m

tg

2( )c

tm ]’.  The fourth is the set of parameters found in the measurement equation, namely,    

[ 0  1  
2 3 ]’.  Finally, there is the set of variances that make up the variance-covariance matrix 

R, i.e., 2( ).ts    

     The Gibbs sampling algorithm proceeds as follows.  We start with an initial guess for ,t Q, 

,  and 2( ).ts  Conditional on these initial guesses, we draw 
0[ ,..., ]',T

T    running this 

draw through the Kalman Filter. The distribution of t  is assumed to be multivariate normal for 

every period.  Then, conditional on the draw of T , we draw values for   from a multivariate 

normal, though it should be noted that we need to impose that the cyclical components of real 

GDP, the real interest rate, and real military spending be stationary, so i  for i = 1; 4; 5 are 
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actually drawn from a truncated normal distribution with their absolute values constrained to be 

less than one.  Conditional on T  and  , we then draw the elements of Q from an inverse 

Wishart distribution (again imposing that the second diagonal element be zero).  Following that, 

we draw the elements of   from a multivariate normal, and conditional on the realization of 

,T  , and  , we draw 2( )ts from an inverse Wishart.  Once this is done, we again draw a 

new set of T  and repeat the entire process again.  We allow 20,000 “burn-in” replications to 

purge any influence of the initial guesses for the parameters, and then repeat the process an 

additional 50,000 times.  Our simulated posterior distributions comprise only every fifth 

replication after the burn-in period, so as to remove any serial correlation in the sequence of 

draws.   

     Table 1 contains the prior distributions for each of the parameters.  In many cases, the priors 

are quite uninformative, although a few draw on previous analyses.  For example, priors on the 

variances of the permanent and transitory components of GDP, as well as its drift are taken from 

the maximum likelihood estimates reported in Kim and Nelson (1999).  The priors for the 

variances of the analogous terms for military spending take the same values.  For the interest 

rate, we take as our priors the variance estimates in Laubach and Williams (2003).  For 0 1 2, , ,    

and 2( )ts , the prior values are those estimated in Bohn (1998), while the prior for 
3 derives 

from simple OLS estimation of the observation equation, estimating cyclical components for real 

GDP and real military spending via the regression technique introduced in Hamilton (2017). 

 

C. Results 

     In this section, we report the results from the estimation of the state space model, starting by 

examining the estimates of the model's coefficients.   

 
C1. Model Parameter Estimates.  Figure 6 depicts the posterior distributions of each of the 

eleven model coefficients with histograms.  For comparison, the figures offer the kernel densities 

of the prior distributions of each coefficient as well.  Table 2 contains the same results in tabular 

form, reporting the median, as well as the 5th and 95th percentiles, of the posterior distribution, 

alongside a convergence diagnostic statistic which tests for the equality of means of the 
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parameter in the first 10 percent of draws and the last 40 percent of draws.  This statistic assesses 

the extent to which the influence of the initial parameter guess has been purged.  Table 2 shows 

that, for most parameters, we cannot reject the null of no difference in means in the two different 

parts of the distribution. While we do reject the null hypothesis of equality for 2  and 0 , the 

differences in means from the early set of draws and the late set of draws are quantitatively quite 

small.   

     Turning to the parameter estimates themselves, we first note that neither 1  nor 2  are 

statistically significant and both are very close to zero, indicating that changes in the growth rate 

of potential output (illustrated in Figure 7) or the natural rate of interest (depicted in Figure 8) do 

not have a strong influence on the way fiscal policy makers react to debt stocks.  The coefficients 

also do not have the expected signs.  We do observe that the natural rate of interest is 

significantly negatively related to changes in the growth rate of potential GDP (posterior median 

of 1  = -0.0032).  As expected, the surplus is serially correlated (with an AR(1) parameter of 

0.3383) and it is positively associated with the cyclical component of GDP and negatively 

associated with the transitory component of military spending (implying that the government is 

willing to run large deficits in wartime).  These results accord well with our intuition. 

 

C2. Evolution of the Fiscal Reaction Coefficient.   Figure 9 contains one of the main results of 

the paper, namely the estimated variation over time in the reaction coefficient   that relates the 

surplus-GDP ratio to the debt-GDP ratio.  Since the reaction coefficient does materially depend 

on the interest rate of growth rate, it is likely characterized by a random walk process with 

unobservable factors clearly affecting the government’s response to changes in debt (see 

equation (19)).  A higher value of   indicates that the government is more aggressive about 

controlling the rise of debt. The figure also, for comparison, shows the estimated value of   = 

0.054 in Bohn (1998) (for a further discussion, see Section V).  Our results indicate that, in many 

periods in the last 100 years, the U.S. government was actually more proactive about 

constraining increases in the debt-GDP ratio than even the rather robust results of Bohn (1998) 

might have implied.  In the years before the onset of the Great Depression,  generally stayed 
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well above 0.1, reaching as high as about 0.3 in 1920.  During the Depression years,   tended to 

hover around the benchmark value of 0.054, estimated by Bohn (1998). 

     It is interesting to note that   turns steeply negative during the war years. This implies that 

the large run-up in debt during World War II was not solely due to a temporary surge in military 

expenditures, but it also reflected a weaker willingness on the part of policymakers to rein in the 

debt.  While this may seem obvious, it is comforting that our model is able to distinguish 

between increases in debt resulting from rising war spending and those increases that result from 

a reduced willingness to respond to debt. 

     Following the war,   rises steadily, hitting a local peak around 0.24 in 1969, and then begins 

to trend downward.  In the years surrounding the turn of the millennium, the coefficient drops 

below the benchmark value of 0.054, and it turns negative in the lead-up to the Great Recession. 

In the last year of the sample, 2016, the value of   is -0.0134, and it has been negative every 

year since 2008.  The fact that the reaction coefficient has declined steadily since 2000 and been 

negative in a number of fiscal years since 2008 implies that the federal government has become 

less concerned with its debt stockpile.  This result is also consistent with the findings of 

D’Erasmo, Mendoza, and Zhang (2016), who note that the large deficits experienced by the 

government years after the end of the Great Recession do not have precedent in U.S. history.   

     The blue bars in Figure 10 indicate periods in which the stability condition, 
1

(1 )
1

r

g
 


 



1, fails to hold.  In these periods, the debt-GDP ratio is following a process that can be 

described as explosive and hence unsustainable.  This occurs briefly during the Great Depression 

(1932), World War II (1943), and after the Great Recession (from 2009 to 2011).  When the 

debt-GDP ratio is on an explosive trajectory, it can be restored to a stable or sustainable 

trajectory if potential output growth rises, the natural rate of interest falls, or   rises.  After the 

Great Recession, the debt-GDP ratio returned to a stable path due to continued declines in the 

natural rate of interest, and, more importantly, a recovery of the   coefficient. 

 

C3. Steady-State Debt-GDP Ratios.  Figure 10 illustrates the steady state debt-GDP ratio 

calculated as 
(1 )

(1 ) (1 )(1 )

r
d

g r





 


   
for each time period in our sample.  This ratio is a long-
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run value of the debt-GDP ratio that will be reached at each period if we let the existing debt-

GDP ratio continues to grow over time with the prevailing economic conditions described by the 

interest rate and growth rate as well as the implied reaction coefficient and given value of   at 

each period.  If the stability condition is satisfied, the debt-GDP ratio will converge to its 

stationary or steady-state value; hence it will be sustainable.  If the stability condition is not 

satisfied, the debt-GDP ratio will continue to grow with no bound; hence it will be unsustainable.  

(we discuss more about the stability condition in the next section.)  For comparison, the plot 

includes the actual debt-GDP ratio as well.  In the periods when the stability condition does not 

hold and debt is explosive, we constrain the steady state debt ratio to zero for convenience.  It is 

clear from the figure that there are periods when the steady-state debt-GDP ratio is extremely 

high, i.e., the debt is multiple times GDP.  In general, the most extreme data points are in periods 

surrounding those when the stability condition does not hold (suggesting that these are periods in 

which the stability condition is only just satisfied).  Thus, during the Depression, World War II, 

and in the years surrounding the Great Recession, steady-state debt-GDP ratios soar to well over 

100 percent.  It is also notable that the steady-state debt-GDP ratio creased 100 percent of GDP 

in the early 1980s, when the natural rate of interest was relatively high, and in 2003, the first year 

in the postwar period when the reaction coefficient   turned negative.  Our model indicates that, 

as of the end of 2016, the steady-state debt-GDP ratio was approximately 58 percent of GDP, 

below the actual ratio of around 72 percent.  This implies that, assuming no changes in fiscal 

behavior, debt should decline as a share of GDP going forward, a result of a slightly higher 

reaction coefficient (relative to the years of the Great Recession) and a lower natural rate of 

interest in this period.  If either were to change, then it is possible that the debt-GDP ratio will 

resume an unsustainable trajectory.   

 

C4. Steady-State Surplus-GDP Ratios.  We next turn to the surplus-GDP ratio in steady state, 

which is plotted in Figure 12.  The steady state surplus-GDP ratio is calculated as 
( )

,
(1 )

r g
s d

r





 

so it rises with the natural rate of interest, declines in the growth rate of potential output, and 

rises in steady state debt as a share of GDP.  An actual value of the surplus-GDP ratio higher 

(lower) than the steady state value is consistent with a declining (rising) debt-GDP ratio.  As in 
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the case of Figure 10, shaded bars indicate periods when the stability condition for debt does not 

hold, so we set the steady state surplus to zero to ease the interpretation of the rest of the figure.  

Of particular note in Figure 11 is that actual surpluses were well in excess of steady state 

surpluses in the years immediately after World War II, setting the debt-GDP ratio on its 

declining mid-century trend.  In the early-to-mid-1980s, the opposite scenario obtained, 

indicating that debt was about to start rising persistently, which it did until the late 1990s, when 

surpluses again exceeded their steady state value.  Since the turn of the millennium, the surplus-

GDP ratio has largely tracked its steady state value, although this does not account for the three 

years that the stability condition is not holding.  Our model suggests that the debt-GDP ratio has 

nearly doubled in that time primarily because of the failure of the stability condition between 

2009 and 2011. 

C5. Speed of Convergence.  We estimated the steady-state debt-GDP ratio and surplus-GDP 

ratio for each period.  An issue of interest is how long it takes to reach the steady state.  This can 

be investigated using the speed of convergence  given by 1 .    For illustration, we use 

Bohn’s (1995) estimation results for 1916-1995.  During this period, the average real return on 

government debt was about 0.1 percent, while the average real GDP-growth rate g was about 3.3 

percent; hence, average  = -0.0332 with the steady-state debt-GDP ratio of 0.3396.d   With 

 = 0.054, this gives us   = 0.9146, which is less than 1.  Thus the stability condition 

guarantees that the debt-GDP ratio will converge to its steady state of 0.3396.d    The rate of 

convergence   toward the steady state is 0.0854.  This suggests that, absent further shock, about 

9% of the debt gap (the difference between a given year’s debt-GDP ratio and its steady state 

level) will disappear each year.  With this rate, it will take some time to reach the steady state.  

To get a rough idea, the rule of 70 (or 69) indicates that the half-life of the debt gap is about 9 

years (70/8%), meaning that it will take every 9 years to eliminate the half of the debt gap.  With 

the initial value of 0.05d  in 1916, to eliminate the half of initial debt gap of about 0.292% (= 

0.34 -0.05), it will take about 9 years.  It will take another 9 years to eliminate the half of the 

remaining gap, and so on.  With this rate, it will take about 40 for initial debt ratio to reach its 

steady state.  
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 C6. Decomposition of Primary Surplus/Deficit.  We can use the results from our estimated 

model to assess the contribution of each element in the fiscal reaction function (28) to the 

observed surplus-GDP ratio.  Specifically, we identify that part of the observed surplus that is 

attributable to the government’s reaction to debt, the transitory part of GDP, the transitory part of 

military spending, other components (such as the effects of the constant term and serial 

correlation in the surplus), and that part which is unexplained by our model.  The decomposition 

is reported in Figure 12. 

     Most notably, we observe that the contribution of the desire of policy makers to respond to 

debt fits a similar pattern as the reaction coefficient itself.  The contribution is strongly positive 

in the early 1920s, as the federal government attempted to pay off World War I era debts, and 

remains positive up until World War II.  After the Second World War, the reaction to debt 

produces a large share of the observed surplus, more than 10 percentage points worth of GDP, 

and it remains a substantial contributor for much of the rest of the 20th century.  This implies 

that, were it not for large negative contributions from the surplus-GDP ratio having a negative 

constant value and from transitory military spending, the observed surplus-GDP ratio for much 

of the postwar period would have been even larger than it was. 

     This narrative does not hold after the turn of the new millennium.  In this period, the 

coefficient on debt in the fiscal reaction function turns downward, and at most, fiscal policy 

makers’ desires to constrain debt buildups does not add to the budget deficit.  In other years, the 

less aggressive approach to debt actually makes the deficit larger than it would otherwise have 

been.  This can be observed by noting that the red dashed-dotted line representing the 

contribution of the reaction to debt venturing below 0 in Figure 12.  The only positive 

contributor to the surplus-GDP ratio is military spending that is somewhat below trend. 

     The transitory component of output makes very little contribution to the surplus-GDP ratio 

throughout our sample period.  This is because our model assigns most of the variation in output 

to its permanent component, with the cyclical component having a very small variance.  In 

principle, cyclical variations in output could be meaningful contributors to the surplus-GDP 

ratio, but, in practice, our model suggests that these variations are rather minimal.  
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V. Robustness Checks and Comparison with Other Specifications 

     It is possible that some of our results are, in part, an artifact of the sample period over which 

we estimate our model.  One specific way in which this is the case is that the large increase in 

military spending around World War II strongly influences our model’s estimate of the 

permanent and transitory components of military spending.  This is especially possible given the 

large degree of persistence observed in this transitory component.  In this case, the large 

magnitude of the fiscal reaction coefficient may only be a function of the transitory component 

of military spending being estimated as too positive, improperly assigning any excess deficit to 

the positive transitory component of military spending. 

     Figure 13 reports the estimates of the time-varying reaction coefficient when the model is 

only estimated on data starting in 1960.  Indeed, it is clear that for much of the sample period, the 

reaction coefficient tends to hover around the value estimated by Bohn (1998), although there is 

a persistent decline in the 1980s and a sharp increase in the late 1990s.  Importantly, however, 

we continue to find a large decline in the reaction coefficient in the 2000s, and the trend seems to 

be negative.  Thus, our finding that policy makers have become less aggressive about countering 

increases in debt continues to hold. 

    We also estimate the model on a longer time series, using the historical data set of Bohn 

(2008), which includes information back to 1792.  These results are provided in Figure 14.  

While there are large fluctuations in the reaction coefficient, especially before 1900, we continue 

to observe strong responses with respect to debt throughout much of the 20th century and a 

persistent decline in the 2000s.  We conclude, therefore, that our main qualitative results are 

robust to changes in the sample period.   

     In order to capture the possibly time-varying behavior of fiscal policy makers, we formulated 

and estimated the generalized fiscal reaction function in a state space framework.  Of course, 

time variation in the fiscal reaction coefficient might also be studied using a simpler model of the 

form in equation (5) with interaction terms by using the same variables for unmodelled 

determinants of the surplus-GDP ratio:  

 0 0 1 2 3 4 5 1( ) ( ) , 0,c c

t t t t t t t t t ts d r xd g xd y m s t                  (35) 
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where  is an error term.14   This model can be estimated via OLS.  While this model has the 

virtue of simplicity, it has at least two important drawbacks relative to the state space technique 

that we have developed.  For one, this model does not allow the fiscal reaction coefficient to be 

subject to shocks. The second reason is that it does not distinguish between long-term and short-

term interest rates.  These drawbacks are likely to lead to a biased reaction coefficient and to 

biased inference with respect to fiscal sustainability. 

     In this section, we compare the implications of our state space model with those of other 

plausible specifications for the behavior of the debt-GDP ratio in the United States.  In particular, 

we compare our results estimated with the state space model with those that derive from a model 

in which we assume, as Bohn (1998) does, the fiscal reaction coefficient is constant over time, 

using both the original Bohn (1998) coefficient (0.054) and one from an updated estimation 

(0.0665).15  We also compare our model results with the interaction term model specified in 

equation (35).   

     Figure 15 is an extension of Figure 9 in that it includes a line indicating the updated   

coefficient and the implied   from a model that includes interaction terms. The most notable 

feature that the figure illustrates is that the   estimated in our state space model implies much 

greater variability in fiscal policy behavior than we would infer from a model relying on 

interaction terms.  The interaction term model tends to suggest that the reaction coefficient has 

generally been rather stable over time, hovering around a level of 0.035, except for the periods 

immediately after the two world wars, when policy makers made a more concerted effort to bring 

down debt ratios.  Another important difference in the interaction term model is that it implies no 

lesser willingness on the part of policy makers to respond to debt in recent years, in stark contrast 

to the implications of our state space model. 

     There are a few of possible reasons for the different conclusions from the interaction term 

model relative to that of our state space model.  The first is that the interaction term model 

interacts current levels of growth and the interest rate with the debt-GDP ratio, whereas the state 

space model assumes that policy makers change behavior only with respect to permanent 

changes in the growth rate or the natural rate of interest.  We find this latter assumption more 

plausible. The second reason is that the interaction term model imposes that only changes in 
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growth or in the interest rate would influence fiscal policy makers' reaction function, while our 

state space model allows for innovations in the reaction coefficient unrelated to either, such as, 

for example, changing political preferences. 

     We can assess the implications of each value of   for the satisfaction of the stability 

condition governing the dynamics of debt. The stability condition is satisfied when  

1
(1 ) 1.

1

r

g
 


  


  In Figure 16, we plot the values of   for each of the model specifications 

that we consider, paying close attention to whether the parameters is above or below unity. 

Clearly,   is quite volatile for all of the models during the turbulent years around World War 

I, the Great Depression, and World War II. Interestingly, for much of the postwar period, our 

state space model provides stronger evidence for the stability of the debt-GDP ratio, as the 

stability parameter is much closer to zero than for any of the other models.  This observation 

holds up until about the year 2000, after which the implications are much different.  In the last 15 

years or so, the state space model has been the most likely to suggest that the stability condition 

is failing, relative to the other models under consideration.  For 2016, the implied   of the state 

space model was about 0.985, the highest value since 2012.  This implies that going forward, 

without a substantial increase in potential output growth or a change in fiscal behavior, the 

stability condition may fail and debt may become explosive in the near future. 

     Figures 17 and 18 illustrate the implied steady state debt-GDP and surplus-GDP ratios, 

respectively, for each of the four model specifications.  One thing that stands out is that the 

stability condition fails much more frequently (especially early in the sample) for the other 

specifications than for the state space model.  When the fiscal reaction coefficient is held 

constant, further, the implied steady state debt ratio rises very substantially in the years 

surrounding the Great Recession.  For the interaction term model, the results suggest that the 

dynamics of the debt-GDP ratio in the 1980s were highly unstable, relative to the other periods 

of history that we study. 

     With respect to the surplus-GDP ratio, our state space model seems to fit the data much better 

than do the other models, always predicting a steady state surplus-GDP ratio with a magnitude 

reasonably close to actual surpluses.  At times, the models using the original benchmark   = 
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0:054 and the interaction terms predict steady state surplus-GDP ratios several times GDP, an 

implausible result.16 

 

VI.  Summary and Conclusion 
 

     This paper has proposed a generalized fiscal reaction function to analyze the dynamic 

behavior of U.S. government debt and deficits for 1916-2016.  We revisit the theoretical 

framework initially established by Bohn (1998), and we extend it to allow for a fiscal reaction 

coefficient that may vary over time, especially with in response to changes in the natural rates of 

interest and output growth.  We estimate our model in a state space framework by treating the 

reaction coefficient as an unobservable stochastic process.   

     The estimated reaction coefficient exhibits significant time variation.  Although it does not 

significantly change with interest rates or growth rates, as we had speculated, it does apparently 

respond to other, unobservable forces which may plausibly influence the willingness of policy 

makers to respond to debt.  We find that, for much of the 20th century, the reaction coefficient 

was well above the value estimated in Bohn (1998), implying a more proactive fiscal policy with 

respect to debt than previously understood.  On the other hand, since 2000, the reaction 

coefficient has steadily declined, and these declines are not merely a mechanical result of the 

Great Recession or the wars in Afghanistan and Iraq.  As of 2016, the reaction coefficient was 

negative, though close to zero. 

     Our findings have implications for inference about the sustainability of debt in the United 

States.  According to the stability condition that we derive, debt-GDP ratios were generally 

sustainable for most of the sample period, with exceptions being the years around the Great 

Depression and Great Recession, as well as World War II.  In recent years, however, as the 

reaction coefficient has declined, the stability condition parameter has come much closer to a 

value of 1, above which the stability condition would be violated.  This would suggest that, if 

current trends persist, debt-ratios may soon become very difficult to bring back under control. 
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Footnotes 
 
1 Throughout this paper, the term “debt” refers to “federal debt held by the public.”  According to 

the chapter on “Federal Borrowing and Debt” in the Analytical Perspectives of the U.S. 

Government, published by the Office of Management and Budget to accompany the President’s 

budget request, this includes debt held by persons and institutions outside of the U.S. federal 

government, including private agents, state and local governments, and foreign governments.  It 

does not include debt held by Federal government accounts, such as trust funds, which would be 

included in figures capturing Gross Federal Debt. 

 
2 See e.g., Hamilton and Flavin (1986), Hakkio and Rush (1991) Haug (1991), Smith and Zin  

(1991), Ahmed and Rogers (1995), Trehan and Walsh (1998, 2001), Uctum and Wickens (2000). 

However, Bohn (2007) has shown that time series tests are incapable of rejecting the assumption 

of sustainability, because the intertemporal budget constraint is satisfied if the time series of the 

relevant debt variable is stationary after any number of differencing operations. 

 
3  “Secular Stagnation’ Even Truer Today, Larry Summers Says,” Wall Street Journal, May 25, 

2017. 

 
4 “Cheap Money Talks,” New York Times, July 11, 2016. 

 
5 The fiscal reaction function has been widely adopted in theoretical dynamic general equilibrium 

models, such as, for example, Davig and Leeper (2007) (though in a slightly different form). 

Another approach to assessing fiscal sustainability is the model-based simulation exercises of Bi 

and Leeper (2013).  

 
6 This variable is an amalgam of a constant term and other variables (which we consider as 

cyclical output and military spending in empirical analysis) and an error term. 

 
7 There are studies employing a quadratic or cubic function that allows the reaction coefficient to 

vary over time (see, e.g., Bohn, 1998; Mendoza and Ostry, 2008; Ghosh et al.,2011; D’Erasmo, 

Mendoza, and Zhang, 2016).  We provide an empirical analysis in section V.  

 
8 In empirical analysis, we allow the reaction coefficient to vary with other unobservable 

variables. 

 
9 Collignon (2012) examines the stability condition and steady state for fiscal sustainability in the 

context of Europe’s fiscal policy rules.  However, there are some fundamental conceptual 

problems in his model specification.   

 
10 What we refer to as a “steady state” debt-GDP ratio should not be confused with the fiscal 

limit studied by Bi and Leeper (2013) or Ghosh, et al. (2013).  The former paper defines the 

fiscal limit as being that value of debt that may be expected to be paid down if the government 

raised the maximum tax revenue possible into the infinite future.  The latter paper considers an 
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endogenous interest rate with risk-neutral investors who incorporate the probability of default.  

Their model includes an object that might be analogous to our steady state debt as well as a 

distinct affordable debt limit.  The steady state debt-GDP ratio in our framework is the value of 

debt relative to GDP that the economy will tend towards assuming no future changes in the 

natural rate of interest, the growth rate of potential output, or the fiscal reaction coefficient. 

 

 11 Laubach and Williams (2003) consider both random walk and stationary specifications of the 

zt term in the natural rate of interest. For simplicity, we consider only the random walk 

specification in this study. 

 
12 Bohn (1998) constructed fluctuations in output and military spending, but we treat them as 

unobservable variables.  

 
13 The MATLAB computer programs used to execute the estimation are also heavily based on 

programs available on the web pages associated with Koop and Korobilis (2009). 

 
14 In estimating this model, we follow the guidance of Balli and Sorensen (2013) in standardizing 

the interest rate and the growth rate. This means that 0 in Equation (35) can be interpreted as 

the reaction coefficient when both the interest rate and growth rate are at their average values 

over the sample, and 1  and 2  can be interpreted as the effect on the reaction coefficient when 

either variable rises above its sample average. 

 
15 It may be surprising that the fiscal reaction coefficient in the updated sample (the original 

Bohn (1998) sample ran to 1995) would be greater than the original coefficient. This is likely a 

result of the fact that the estimates of the transitory components of output and military spending 

are fundamentally different in our updated sample than they were in the original Bohn (1998) 

paper. Our estimates are taken from the state space model, while those in Bohn (1998) are 

borrowed from Barro (1986). We are not able to extend these figures. 

 
16 In Bohn’s (1998) fiscal reaction function, the reaction coefficient is constant; hence it does not 

depend on the debt level. There are several studies employing a nonlinear or cubic specification 

for the fiscal reaction function (see, e.g., Bohn, 1998; Mendoza and Ostry, 2008; Ghosh et 

al.,2011; D’Erasmo, Mendoza, 2016).  This specification allows the reaction coefficient to 

depends on, and vary over time with, the debt level.  We also estimated a cubic specification 

(along the lines of Bohn, 1998), although we do not report the results here.  We find that the 

reaction coefficient exhibits substantial variation over time (of a much greater magnitude than 

for our other specifications), and the stability condition is violated much more often.  For 

example, the stability condition with the cubic function is violated every year from the late 1960s 

to the early 1980s.   
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Table 1: Prior Distributions

Parameter Prior

βt N(0,I10 × 4)
α1 N(0,4)
α2 N(0,4)
δ0 N(−1.9,4)
δ1 N(1.286,4)
δ2 N(0.721,4)
δ3 N(0.77,4)
γ1 N(0,4)
γ2 N(0.8002,4)
γ3 N(0,4)
γ4 N(0.8002,4)
γ5 N(0.8002,4)
σ2(ρ) IW(0.01,T)
σ2(φ) IW(4 × (0.3232),T)
σ2(rc) IW(4 × (0.3402),T)
σ2(yτ ) IW(4 × (0.00562),T)
σ2(g∗) IW(4 × (0.00022),T)
σ2(yc) IW(4 × (0.00612),T)
σ2(mτ ) IW(4 × (0.00562),T)
σ2(gm) IW(4 × (0.00022),T)
σ2(mc) IW(4 × (0.00612),T)
σ2(s) IW(1.96,5)

Notes: The table reports the prior distributions specified for each parameter in the state space model. In

the table “N” indicates a normal distribution, and “IW” indicates an inverse Wishart distribution.

1



Table 2: Posterior Distributions

Parameter Median 90% Confidence Interval Convergence Diagnostic

α1 −0.0024 [−0.0372, 0.0325] 0.7397
α2 0.0166 [−0.8009, 0.8108] 0.7243
δ0 −2.3088 [−3.1972,−1.4678] 2.3998
δ1 1.1491 [0.5472, 1.7670] −0.8498
δ2 −3.0617 [−3.6985,−2.4357] −2.4189
δ3 0.3375 [0.1883, 0.4879] −2.0174
γ1 −0.0032 [−0.8152, 0.8059] 1.2439
γ2 0.6847 [0.0722, 0.9728] 0.3974
γ3 0.0010 [−0.6063, 0.6172] 0.9680
γ4 0.7164 [0.1023, 0.9797] −0.0767
γ5 0.9290 [0.7829, 0.9926] −0.7404
σ2(ρ) 0.0055 [0.0015, 0.0238] −0.5184
σ2(φ) 5.3608 [4.5474, 6.3931] −0.4333
σ2(rc) 0.0078 [0.0047, 0.0199] 1.1217
σ2(yτ ) 1.3797 × 10−6 [1.0869 × 10−6, 1.7934 × 10−6] −0.9210
σ2(g∗) 1.7554 × 10−9 [1.3886 × 10−9, 2.2670 × 10−9] 0.1969
σ2(yc) 0.0043 [0.0011, 0.0287] 0.1067
σ2(mτ ) 1.3734 × 10−6 [1.0838 × 10−6, 1.7612 × 10−6] −0.5966
σ2(gm) 1.7525 × 10−9 [1.3847 × 10−9, 2.2557 × 10−9] 0.0344
σ2(mc) 0.0721 [0.0599, 0.0919] 0.5283
σ2(s) 2.2699 [1.2231, 3.8784] −0.3012

Notes: The table reports the main statistics associated with the simulated posterior distribution for each

parameter in the model. The convergence diagnostic is defined as CD =
ĝSA−ĝSC
σ̂A√
SA

+
σ̂C√
SC

; see ?. The convergence

diagnostic statistics are compared with standard normal critical values. ĝ is the average value of each

parameter over the first 10% of draws after the burn-in period (SA) or the last 40% of draws after the

burn-in period (SC).
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Figure 1: Time Path of Government Debt: An Increase in the Growth Rate
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The figure shows how the debt-GDP ratio would transition to its new steady state value following a per-

manent increase in the growth rate of potential output, assuming that the fiscal reaction coefficient declines

sufficiently as a result. 3



Figure 2: Long-run Relationship Between the Primary Surplus/Deficit and Debt
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0

S
ur

pl
us

-G
D

P
 R

at
io

r>g

r<g

The figure plots the relationship between the steady state debt-GDP ratio and the steady state surplus-

GDP ratio, depending on whether the natural rate of interest is greater than or less than the growth rate of

potential output. 4



Figure 3: Effects of an Increase in the Growth Rate

Debt-GDP Ratio
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The figure plots how the steady state debt-GDP ratio and the steady state surplus-GDP ratio would respond

to a permanent increase in the growth rate of potential output.
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Figure 4: U.S. Debt Dynamics
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The figure plots the time series of U.S. government debt held by the public as a share of Gross Domestic

Product.
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Figure 5: U.S. Surplus Dynamics
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The figure plots the time series of U.S. government primary surplus as a share of Gross Domestic Product.
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Figure 6: Parameter Posterior Distributions
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The figure reports plots of the prior and posterior distributions of each of the coefficients in the state space

model for the dynamics of debt. The orange line in each subfigure provides the kernel density of the prior

distribution, and the histograms illustrate the posterior distribution of draws for each parameter.
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Figure 7: State Space Estimates
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The figure reports the estimated time series of the growth rate of potential output (δy) from the state space

model discussed in Section ??.
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Figure 8: State Space Estimates
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The figure reports the estimated time series of the natural rate of output (r∗) from the state space model

discussed in Section ??.
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Figure 9: State Space Estimates

Evolution of Fiscal Reaction Coefficient
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The figure reports the estimated time series of the coefficient on the debt-GDP ratio (ρ in the model discussed

in Section ??) from the state space model. The light blue shaded bars indicate periods in which ρ was not

positive enough to ensure that the stability condition for the debt-GDP ratio was met.
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Figure 10: State Space Estimates

Debt-GDP Ratio Time Series
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The figure reports the time series of the debt-GDP ratio alongside the estimated steady state debt-GDP

ratio implied by the estimated time series of the natural rate of interest (r∗), the growth rate of potential

output (δy), and the fiscal reaction coefficient (ρ). The light blue shaded bars indicate periods in which ρ

was not positive enough to ensure that the stability condition for the debt-GDP ratio was met.
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Figure 11: State Space Estimates

Surplus-GDP Ratio Time Series
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The figure reports the time series of the surplus-GDP ratio alongside the estimated steady state surplus-GDP

ratio implied by the estimated time series of the natural rate of interest (r∗), the growth rate of potential

output (δy), and the fiscal reaction coefficient (ρ). The light blue shaded bars indicate periods in which ρ

was not positive enough to ensure that the stability condition for the debt-GDP ratio was met.
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Figure 12: Contributions to Surplus-GDP Ratio
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The figure reports the estimated contributions of each of the elements in the fiscal reaction function to the

actual surplus-GDP ratio over time. The thick pink line, representing the actual surplus-GDP ratio, is the

sum of the other five lines in the figure.
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Figure 13: State Space Estimates: 1960-2016
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The figure reports the estimated time series of the coefficient on the debt-GDP ratio (ρ in the model discussed

in Section ??) from the state space model. The estimation sample is the preriod from 1960 to 2016. The light

blue shaded bars indicate periods in which ρ was not positive enough to ensure that the stability condition

for the debt-GDP ratio was met.
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Figure 14: State Space Estimates: 1792-2016
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The figure reports the estimated time series of the coefficient on the debt-GDP ratio (ρ in the model discussed

in Section ??) from the state space model. The estimation sample is the period from 1792 to 2016. The light

blue shaded bars indicate periods in which ρ was not positive enough to ensure that the stability condition

for the debt-GDP ratio was met.
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Figure 15: Model Comparisons
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The figure reports the estimated time series of the coefficient on the debt-GDP ratio (ρ in the model

discussed in Section ??) from the state space model, alongside the original coefficient estimated in ?, an

updated coefficient based on a similar methodology and extended sample, and a coefficient derived from a

model interacting the growth rate of GDP and the real yield on the 10-year Treasury note with the debt-GDP

ratio, as in Equation (??).
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Figure 16: Model Comparisons
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The figure reports the estimated time series of the stability condition parameter (κ = 1+r
1+δy

(1− ρ)) from the

state space model, assuming the original coefficient estimated in ?, assuming an updated coefficient based

on a similar methodology and extended sample, and assuming a coefficient derived from a model interacting

the growth rate of GDP and the real yield on the 10-year Treasury note with the debt-GDP ratio, as in

Equation (??). κ < 1 implies that the stability condition is satisfied.
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Figure 17: Model Comparisons
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The figure reports the estimated time series of the actual debt-GDP ratio and the implied steady state debt-

GDP ratio from the state space model (top), assuming an updated coefficient based on the methodology of

? and extended sample (second from top), assuming the original coefficient estimated in ? (third from top),

and assuming a coefficient derived from a model interacting the growth rate of GDP and the real yield on

the 10-year Treasury note with the debt-GDP ratio, as in Equation (??) (bottom). Light blue bars imply

that the stability condition is not satisfied.
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Figure 18: Model Comparisons
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The figure reports the estimated time series of the actual surplus-GDP ratio and the implied steady state

surplus-GDP ratio from the state space model (top), assuming the original coefficient estimated in ? (lower

left), assuming an updated coefficient based on a similar methodology and extended sample (upper right),

and assuming a coefficient derived from a model interacting the growth rate of GDP and the real yield on

the 10-year Treasury note with the debt-GDP ratio, as in Equation (??) (lowe right). Light blue bars imply

that the stability condition is not satisfied.
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