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The Dual Approach and its Uses in Public Economics
1. Introduction

The traditional approach to considering the problem faced by a consumer is to maximize the consumer's
utility by choosing his consumption subject to given prices and income. However, in public economics we
are not interested in what the consumer does given prices but on how changes in prices and income, through
changes in public policies, will affect consumer well-being. This means that we are interested in the
consumer's well-being (utility) as a function of prices and income given the consumer chooses his
consumption bundle to maximize utility. This is known as the indirect utility function.

In addition, we are interested in assessing the impact of alternative policies on consumer well-being. To do
this, we wish to see the income equivalent of any change in policy, that is, how much income could be taken
away or how much would need to be given to keep the consumer unaffected by the policy. We discuss these
concepts, compensating and equivalent variation, later. The formulation of these measures, however,
requires an alternative interpretation of the consumer's problem, minimizing costs subject to a minimum
utility constraint and prices. This is the "dual” approach and yields the expenditure function and
compensated demand curves.

2. The Consumer's Direct Problem

We generally depict the consumer as solving the problem:

Maximize U(x, y) (1)
X,y

s.t.px+py=I (2)
Then the solution gives the demand for x and y as a function of prices, px and py, and income, L.
X = X(px,py, 1) (3a)

Y = Y(py:Px.)- (3b)

and

Then substituting for x and y in the direct utility function allows us to express utility as a function of prices
and income:

U(X(anpyaI)aY(PyeP wl) = V(anpyaI) 4)
where V(P,P,.]) is the indirect utility function with

a—Vgo,a—Vsaa—Vzo. (5)
0P, oP, ol

The indirect utility function gives the consumer's utility as a function of prices and income. It assumes the
consumer maximizes utility subject to his budget. If the government can affect the consumer's budget



(through taxes and transfers) but not his choice given the budget, then the indirect utility function should be
used to analyze the effects of the government programs.

2. The Dual

Consider instead the problem of the consumer obtaining a given utility level for the least amount of income
given prices. The problem is then:

Minimize p.X + p,y (6)
X,y

st. U(x,y) 2 U (7)
The solutions, X and y’, will depend on p,, py, and U . Then the demands for x and y are given by

X = hx(px;py» (7) (861)
and

y=hp.p,U), (8b)
the Hicksian or compensated demand curves.

The consumer's problem is illustrated in Figure 1.



The expenditures needed to obtain U depend on Py, Py, and U with this relationship denoted by the

expenditure function:

e(pupy U ) = Ph(P.P,U ) + Phy(P,P, U )

then KZO,KZO,andﬁ>O.
0P, op,
3. Some Useful Relationships

V(6px.0py.0D) = V(pupy,) 0> 0.

)

(10)

The indirect utility function is homogeneous of degree one. Doubling prices and income does not change

utility.



e(0px.0py,U) = 0e(Py,Py.1), 6> 0 (11
The expenditure function is homogeneous of degree one in prices. Doubling prices doubles expenditures.
hy(0py.0py,U) = hy(Py,Py,U) (12)

The Hicksian demand functions are homogeneous of degree zero in prices. Doubling prices of goods will
not affect compensated demand.

hx(anpyaU) = X(anpyae(anpyaU)) (13)

The Hicksian demand at prices py, py, and utility U must equal the Marshallian demand at prices py, py, and
the income needed to get utility U e(py,py,U).

Oe
= =h(p.,p,,U 14
o (p.p,,U) (14)

X

This is known as Shephard's Lemma. The derivative of the expenditure function with respect to the price of
the good is equal to the demand for that good. We can easily derive this by noting that since

e(p,,p,,U)=ph(p.,p,U)+ ph(p.,p,,U) (15)

Then differentiating with respect to p, gives

0 oh oh
b p o+, (16)
p, P, ap,
oh oh,
but by the envelope theorem we have p — + p y = 0 giving (14). In addition, we have
P, p,
V(p.p,.1)
p
X(PoDyol) == (17)
g V(p.p,.1)
ol

This is Roy's identity. The derivative of the indirect utility function with respect to price divided by the
derivative with respect to income gives the Marshallian demand. To see this note that we can use the
following relationship

V(p.p,.e(p,.p,,U)=U (18)
Then differentiating with respect to p, gives

oV oV oe
—_ + R —

=0. (19)
op, ol op,



. , . de(p,,p,,U)
Then using Shephard's Lemma (14) we can substitute for A.(p,,p,,U) for 8— and the fact that

P
h(0wpy, U) = X(pypy,1) gives (17). Finally, we have

6hx= Oox N .ax

— txe— (20a)
op, Op, ol
and
Oh. _ Ox +y,@ (20b)
op, Op, ol
This is referred to as the Slutsky decomposition. We derive it by differentiating (13) by p, to give
oh
x _ Ox N ox Oe 1)

o, Op, Ea

0
But by Shephard's Lemma (14) we have 8_e = h.(p,,p,,U)so substituting this into (21) gives (20a).
P

4. Some Examples

Below are specific utility functions with their associated demands, indirect utility functions, and expenditure
functions.

Example 1: Cobb-Douglas Function (U = x*y'™*)

Marshallian Demand Functions:

a
x(p,p,,1)=—I (22a)
and
l-a
p.p,,1) = ( )1 (22b)
Dy

Derivation of the Indirect Utility Function:
We have U(x(p.p,,1).y(px.Dy, 1) =V(pp,, 1) which gives

a I-a

a l-a a“(1-—a)'™

V(px,py,l):(—lj (—(p )IJ =—;apl_)a I 23)
y X y

X

The Expenditure Function

Inverting V(pxpy, D), (23), gives e(P,,U), the expenditure function, since V(p.p,e(.p,U)) = U. Then



letting 7 = e(Py,Py,U) in (23) and letting V(py,py,I) = U and solving for / gives

a l-a
b P
ep.,p,U)=——"—1— (24)
p py aa(l_a)(l—a)
The Hicksian Demand Functions
Differentiate the expenditure function with respect to prices to obtain Hicksian demand functions:
- ql-a l-a
a p
h(p..p,U)= (—yj U (25a)
’ (-] \p.
and
-] (r.)
h,(p.,p,,U)= U (25b)
L o 1P
Example 2: Stone-Geary Utility Function U = (x —E)a (y - Z)H{
Marshallian Demand Equations:
a
x(p,>p,.1) =p—(1—px£—pyz)+z (262)
and
(I-a)
p.»p,,1) = (I—px)_c—pyz)+z (26b)
y
Derivation of the Indirect Utility Function:
We have U(x(p.py.]).y(pxpy))=V(pxpy1) which gives
aa (1 _ a)(lfa)
Vip.,p,.1)= =a—l,a(1—px£—pyz) (27)
p.p,
The Expenditure Function
a l-a
_ b Dy
e(Px,Py,U)—W +p.xX+p,y (28)
The Hicksian Demand Functions
Differentiate the expenditure function with respect to prices to obtain Hicksian demand functions:
l-a I-a
p
hx(px,py,U){ = } (—yJ U+ x (29a)
(1-a) P,

and



h,(p.,p,,U) :{(l—a)} (&J U+y (29b)

a P,

Example 3: The CES (Constant Elasticity of Substitution) Function U = A[wcip +(1-a)y™” ]_l/p, p>-1

Marshallian Demand Equations

1
x(p,,p,.1) = > ) (30a)
P, \*(1—a i
1+~ —
b (pxj ( a J
and
1
p.p,,1) = . ) (30b)
1p p
p, I+ " ( 2 jl ’
D, l-a
Indirect Utility Function
A 7 L 17 o
1+ _ 140 1+p _ 4o
V(pep,oI) = A ap.” 1+(ﬁj p[l—“Jl | +(-a)p” 1+[&J (1_“j‘ g 1631
. a § a
Expenditure Function
P 17 P 17 v
1+ — 1+p l+p (1 _ 1+p
e(px,p‘,,1)=% p.” 1+(ﬁj p(l—ajl "1 d-a)p)” 1+[&J (1—’1)1 g U(32)
) P, o ) P, a
o o 1/p
1 1 p+l
h(p,,p,,U)=—la+(- a)(LJp+ (ﬁ] U (33)
A l-a D,



